MORE HYPERGEOMETRIC IDENTITIES RELATED TO 
RAMANUJAN-TYPE SERIES 



JESUS GUILLERA 

Dedicated to Jonathan Borwein and Doron Zeilberger 
on the occasion of their 61** and 62"'' birthday respectively 



Abstract. We find new hypergeoinetric identities which, in a certain aspect, are stron- 
", ger than others of the same style found by the author in a previous paper. The identities 

in Section|3]are related to some Ramanujan-type series for I/tt. We derive them by using 
, WZ-pairs associated to some interesting formulas by Wenchang Chu. The identities we 

prove in Section |3] are of the same style but related to Ramanujan-like series for I/tt^ 
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1. Introduction 

1.1. Ramanujan series. In 1914 S. Ramanujan gave 17 series for I/tt which are of the 
following form: 



where s G {1/2,1/4,1/3,1/6} and the parameters z, a, b are algebraic numbers. One 
I example is 

^ ' oo n \3 

See Ramanujan's paper [13| and [H pp. 352-354]. In 1987 the Borwein brothers gave 
rigorous proofs of the 17 Ramanujan series [5]. In honor of Ramanujan, series of the form 
([T]) are now known as Ramanujan-type series for I/tt. An excellent survey of such results 
is provided in J3j, and in [B] there are many good articles concerned with the number tt, 
some of which are related to Ramanujan-type series. 

X 

^ ■ 1.2. Ramanujan series extended. We consider the following extensions with the vari- 

- ■ ■ able X of the Ramanujan-type series: 

,n^^^lll±^^!:^^^^Z^^a + b{n + X)), (3) 

n=0 {^>n+x 

and 

n=0 {^)n+x 

for < 2; < 1. In ^I2i Sect. 2], we used the WZ-method [18j to derive many hypergeometric 
identities which can be written in the form 

oo oo 

^g{n + x) =t{x) + x'^^f{x,n) (5) 

n=0 n=0 
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or in the form 

oo oo 

+ a;) = t{x) +x'Y, fix, n), (6) 

n=0 n=0 

where g{n) is hypergeometric, f{k, n) is hypergeometric in both variables, t{x) is a simple 
trigonometric function such that t(0) = l/vr, and Y1^=q9{'^) — ^(0) a Ramanujan-type 
series for l/vr. From (E]) or dH]), we can calculate the coefficient of by observing that 

oo oo 

^/(x,n) = ^/(0,n) + O(x). 

n=0 n=0 

In Section [3] of this paper, we use WZ-pairs to find stronger versions of identities ^ and 
(E]). They are of the form 

oo oo 

^g{n + x)=t{x)+x^^f{x,n), (7) 

n=0 n=0 

and 

oo oo 

Y^{-lYg{n + x)= t{x) +x'Y, /(^' (8) 

n=0 n=0 

Hence easily gives the first two terms of the series expansions of the corresponding 
extended series of the form 

oo oo 

^^(^(n + a;) and l)"(7(n + x). 

n=0 n=0 

In addition, we can obtain the coefficient of x^ by observing that 

oo oo 

^/(x,n) = 5^/(0,n) + O(x). 

n=0 ra=0 

This provides a substantial improvement to our results from [12]. As an example, compare 
the old identity 

vrcos^vrx 64- (1)3 2x - 1 ^ (1 + 2x)„ (| - x) J 

with our new identity 



n=0 



I cosSttx 1 (1)1 QAx^ ^ Q + ^^ 
ttcosSttx 64- (1)3 (1-2x)3^ J 



X2n + 1). (10) 



Equation implies the expansion 

n=0 " \-/'n.+x 



1 1 - 1 



MORE HYPERGEOMETRIC IDENTITIES RELATED TO RAMANUJAN-TYPE SERIES 

but does not easily yield the coefficient of . However, from (fTOj) we easily deduce 



h E ^7i?^(42(- + X) + 5) = 1 - 3vrx^ + UGx' + 0{x% 

where G is Catalan's constant. In SectionlHwe obtain analogous hypergeometric identities 
related to the two infinite series: 



^U^ikilLi_L(i20n^ + 34„ + 3) = ^^, (11) 



n=0 

and 



^ i^n (l)n (i)n (74^2 + 27n + 3) = ^. (12) 



n=0 

Identities ( ITTj) and (fT2|) . and two additional cases, were discovered and proved by the 
author via the Wilf-Zeilberger (WZ) method in 2002, 2003 and 2010 (see 0, [II] and 
[T5]). The author also conjectured six moreover formulas for I/tt^ (see [TD] and [IS]). One 
additional case was conjectured by Gert Almkvist and the author in [I]. Following the 
publication of [9J, Boris Gourevitch discovered a similar series for I/tt^, using experimental 
integer relation algorithms (see [ID]), and most recently Jim CuUen gave a formula for 
l/vr^ (see p2j). 

1.3. The WZ-method. A function A{n, k) is hypergeometric in two variables if the 
quotients 

A{n + l,k) A{n,k + 1) 

A{n,k) A{n,k) 
are rational functions in n and k, respectively. A pair of hypergeometric functions, F{n, k) 
and G{n, k), is said to be a WZ pair yjl Chapt. 7] if 

F{n + l,k)- F{n, k) = G{n, k + 1) - G{n, k). (13) 

Will and Zeilberger [2l] proved that in this case, there exists a rational function C{n, k) 
such that 

G{n,k) = C{n,k)F{n,k). (14) 

The rational function C(n, k) is called the certificate of the pair (F, G). To discover WZ- 
pairs, we use Zeilberger's Maple package EKHAD [T8| Appendix A]. If EKHAD certifies 
a function, we have found a WZ-pair! The usual approach is to sum (fT3l) for n > 0, to 

get 

oo oo 

y G(n, A;) - y G(n, A; + 1) = -F(0, k) + lim F(n, k). (15) 

n=0 n=0 

In this paper we use an alternative method explained in the next section. 

2. A STRATEGY BASED ON THE WZ-METHOD 

The following two theorems establish the main property of the function t(x): 

Theorem 2.1. Let F{n, k) and G{n, k) be a WZ-pair [18J . IfG{n,0) and G{k,n) vanish 
as n oo, then the function t{x) defined by 

oo oo 

^G(n + x,0) -^F(a;,n) = t(a;) (16) 

n=0 n=0 

satisfies t{x + 1) = t{x), for all complex numbers x. 
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Proof. Let F(n, k), G{n, k) be a WZ-pair and define 

H{n,k) = G(n + k,Q), Gi{n,k) = F{k,n), Fi(n,k) ^ G(k,n). 
Obviously we liave 

H{n, k + 1)- H{n, k) = H{n +l,k)- H{n, k) 

and 

Gi(n, k + l)- Gi{n, k) =Fi{n + 1, k) - Fi(n, k). 

We now define 

F2(n, k) = H{n, k) - Fi{n, k), G2{n, k) = H{n, k) - Giin, k). 

Tlius 

G2(n, k + l)- G2{n, k) = F2{n + 1, A;) - F2(n, k). 
Summing for n > 0, we obtain 



y [G2(n, k + l)- G2{n, k)] = -F2(0, k) + lim F2(n, k) 

n=0 

= 0) + G{k, 0) + lim G{n + fc, 0) - lim n) 

n->oo n— >oo 

= - lim G{k,n) = 0. 

n— >-oo 

Hence, we arrive at the following result which completes the proof: 

oo 

J2G2{n,k)=tik), 

n=0 

where t{k) is a periodic function of period one, that is t{k + 1) = t{k). □ 

Theorem 2.2. Let F{n,k) and G{n,k) be a WZ-pair involving a factor (— l)"; that 
is F{n,k) = (-l)"F(n,fc), G{n,k) = (-l)"G(n, fc). If G{n,0) and G{k,n) vanish as 
n — > oo, then the function t{x) defined by 

oo oo 

Y^{-l)-d{n + X, 0) - ^ F{x, n) - t{x), (17) 

n=0 n=0 

has the property that t{x + 1) = —t{x), for all complex numbers x. 

Proof. Just write k) — cos(7m)G(n, k) and apply the first theorem. □ 

We also use the following theorem: 
Theorem 2.3. Let h{z) be an entire function which is periodic of period 1 and let 

+0O 

h(z) = J2 «ne'"*"^ 

n=— oo 

be its Fourier series. If h{z) = 0{e^'^^^^^^^^) for |Im(;2)| sufficiently large, where c>0 is a 
constant, then c — 2\n\ < a„ = 0. 

Proof. Since h{z) has period 1, its Fourier coefficients are given by 

a„= / h{z)e-^''''''dz, 



J a+ib 

where a and b are arbitrary real numbers. Then for n < let b +oo and for n > let 
b — >■ — oo to conclude c — 2\n\ < ^ a„ = 0. □ 
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Before finding new identities, we apply our new theorems to complete the proof of an 
identity conjectured in [12]. The same idea also applies to other identities in that paper. 

2.1. Example. 

v3 



\/2 (-1)" {2)n+xia( I ^ I 11 

4 ^ 23(-+-) (1)3^^ 



vrcosvrx 8- 2x - 1 (1)3 ^ 2" (x + 1)„ (| - x)^ ' 
Proof. In yjj we guessed that the function s{x) = Si{x) + S2{x), where 

and 

' 8- 2x- 1(1)1 ^2" (■j:+l)„{l-a:)J 

was equal to the simple function t{x) = l/(7r cos nx). Here we prove that it is true. Define 
the function h{x) = s{x) cosnx. We first prove that h{x) has no poles. By Th. 12.21 we 
see that the function h{x) has the property h{x + 1) = h{x), thus we only need to check 
that h{x) has no poles in the band < R.e{x) < 1. The only possible pole in this band 
is at X = 1/2, but taking the limit of h{x) as a; — ?■ 1/2, we clearly see that it is not a 
pole. Hence h{x) is holomorphic and periodic and this implies that it has a Fourier series 
expansion. By the Weiertrass M test, as |Im(a;)| — )■ oo, we have 

n=0 n=0 " 

and 



^ 23" (l + x)3 ^ 8- (1) 

n=0 ^ n=0 ^ ' 



which are finite. Hence 

oo 



1 n \ r^y 

E \1 n+j3" [6(" + ^) + 1] = o{\\^{x)\). 

n=0 ^ 

On the other hand, as |Im(a;)| — > oo, we have the behaviour 

= 0(|Im(x)r3/^). 

Thus, |si(x)| — )■ for |Im(x)| — )■ oo, and in a similar way we see that |s2(a;)| — 0. This 
implies that |^(a;)| = C)(e'^'^™*^^^') for |Im(a;)| sufficiently large. As /;.(0) is a Ramanujan 
series with the sum l/vr [TT|, Table 2], using Thm. 12.31 we deduce that 

h[x) = — h ■ cos 2ttx + ■ sin 2ttx + ■ cos Attx + ■ ■ ■ , 

TT 

and we conclude that s{x) = t{x). □ 

For the last identity in this paper f l36p . we will explain how we guessed the function 
t{x) corresponding to it fl37j) . 
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3. Identities related to Ramanujan-type series for I/tt 

We find new hypergeometric identities using WZ-pairs associated to formulas of Wen- 
cfiang Cliu [a Cor. 2.10, 2.33, 2.21, 2.4]. In the proofs of Identities 1, 2, 3, 4 the 
hypothesis 

hm G{k,n) = 

n— >oo 

does not hold. However, with the help of Barnes integral, we can relax this hypothesis 
and use instead the condition 



G{t,s)ds = 0, 



(19) 



where the C is a very thin contour and G is a type of transformation of G (see [T7] for 
details). We state this condition explicitly in the proof of Identity 4. A related application 
of the Barnes integral is given in [20] . 



3.1. Four new identities. Our proof of Identity 1 uses the following lemma: 
Lemma 3.1. The following expansion is true as x ^ 1/2 

E 7?T^(-l)" = 2 - (^^2)(2x - 1) + 0{2x - If. 
Proof. We use the formula for the derivative of (x)„ given in jT^ p. 17]: 

n-l 



d_ 

dx 



[X]„, = [X 



E— ■ 



Applying it to the function 



we get 



where 



2H„ 



n 



is the harmonic number. Hence 



n=0 



J] + 2 I ^ H„z" ) (2x - 1) + 0(2x - 1) 

n=0 
1 



1 - Z 

Finally we take the limit as 2; — t- — 1. 



vn=0 

l-z 



{2x - I) + 0{2x - ly . 



(20) 



□ 
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Identity 1. 



_ l cos27ra; 1 (1)^ IQx^ ^ {\ + x)l 

VrCOS^TTX 4^ (1)3 (l-2x)2 4^ n _^^)2^ J - I J 

n— V 2 / n 

Equation f l2T]) leads to the expansion 

\ E ^7i^[6(- + + 1] = ^ - + 16Gx3 + 0(0;^), (22) 
where G is tlie Catalan's constant. 

Proof. Apply Thm. 12.11 and the condition f|T9|l . to the WZ-pair 



2' 



^ • ' (1)1 {^l ' ' 4"(2n-2fc-i: 

rl„ M - (s-*)n(H*)L , a- 1 (2n. + l)(6n. + 1) - 4fc' 

We see that the function s{x) = si{x) + S2{x), where 

1 °° 1 ilf 

^l(^) = aY1 22(n+x) A3"'"" [6(^ + ^) + 1]' 

^ „=o ^ ^^^"+^ 

and 

"^l"' 4«(l)|(l-2.p^(|_,)^/ 

has the property s{x + 1) = s{x). Then we guess that s{x) is equal to 

, , 1 cos27rx 

ti^) = 

vr cos^ Tcx 

To prove this result, define the function h{x) = s{x) — t{x). We know that h{0) = and 
that h{x + 1) = h{x). Since h{x) has period 1, we can prove that it is holomorphic by 
checking that it has no poles in the band < Re(a;) < 1. The only possible pole in this 
band is at a; = 1/2, but using fj20|) to evaluate the limit of the function h{x) as x — j- 1/2, 
shows it is not a pole. As in the example in Section [XTj we see that Si{x) tends to as 
|Im(x)| —7- oo. On the other hand, (and although we do not have a rigorous proof of it), 
numerical results clearly show that for |Im(x)| sufficiently large, we have |s2(a;)| = 0{1). 
Then we deduce that \h{x)\ = 0{1). Hence, by Thm. 12.31 the Fourier expansion of h{x) 
reduces to a constant (observe that as \h{x)\ is bounded, also Liouville's Theorem from 
complex analysis states that h{x) is a constant). Since h{0) = 0, we see that h{x) = for 
all complex x. □ 

Remark: We interpret all the series in this paper in terms of their analytic continua- 
tions. For example, we define the series in S2{x) in the following way: 

+ ,,n._ ^ fl + X,l+X, 1 



n=0 (2 -^)„ \ ^ X, ^ X 



- 1 

In fact, it is not necessary to use the sum at all, but it makes for easier reading 
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Our proof of Identity 2 uses the following lemma: 
Lemma 3.2. The following expansion is true when a; — )■ 1/2 



f >^[-lf{2n+l) = -- 

Proof. Using symbolic calculations with Maple, and replacing \E'(1 + n) +7 with iJ, 
! see that 



E yf— ^(-l)"(2n + 1) = "2(21 - 1) + 0(2x - If. (23) 



YTj=i^^ we see that 



00 



E 

n=0 



(2n + = ^(2n + + 3 ^(2n + (2x - 1) 



n=0 \n=0 

00 



+ I I E(2^ + ^)Hlz- ) (2x - 1)^ + 0{2x - If. 



2 

Then, use the representation 



vn=0 



Jo ^ 

and take the limit as 2; — > — 1. □ 
Identity 2. 



= i^^^ + ^M-^vii±^(-ir(2n + l) (24) 
7rcos3 7rx^64-(l)3. (l-2x)3^f3_^^)3l iJl^^+iJ- l^^J 

n— V 2 ) n 

From (l24ll . we obtain the expansion 

E ^||g;[42(^ + X) + 5] = i - 3vra:^ + 64Gx^ + 0{x% (25) 

Proof. Apply Thm. 12.11 with the condition (1191) . to the WZ-pair 

-QAn^{2k + 1) 



F{n,k) = B{n,k) 
G{n,k) = B{n,k) 



(2n-2fc-l)3' 

{2n + l f{42n + 5) + k{16k^ - 96n^k - 96kn - 24fc) 



16(2n + 1)3 
where 

B(n, k) = ^ 

(mil): 64^ 
We see that the function s(x) = si(x) + S2(x), where 



n=0 

and 



-■w=i^|: 2.L,S!]r: i42(B+x)+5i. 



64' (1)1 (1 - 2xP ^ (I _ * 
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has the property s{x + 1) = s{x). Then we guess that s{x) is equal to the simple function 

, , 1 cosSvrx 

t{x) = 

vr cos-^ irx 

To prove this result we define the function h{x) = s{x) —t{x). Observe that h{0) = and 
h{x + 1) = h{x). Then, use (l23i) to evaluate the limit of h{x) when x — )■ 1/2. We see that 
it is finite. Hence h{x) has no poles in the band < Re(x) < 1, and this implies that 
h{x) is holomorphic. Then we follow the same steps as in our previous proof. □ 

To prove Identity 3 we need the following lemma 

Lemma 3.3. As x ^ 1/2 we have 



(5 + 2^)„(5 + ^-)!(-l)"(2n+l + ^) 



Proof. Symbolic computations with Maple yield: 

°° (l + 2a:)„(| + x);(-l)»(2n + l + xj 1 

(I- (2n + l)^ 2^(l)„2n + l 



--(2x-l) + 0(2x-l)l 



(26) 



E 

n=0 



+ 9 



(2n + 1)2 
1 



1^ a 

9 a 



(l)„4n + 3^„ 



z 



2^ (i) 2n + l 

n=0 \2/n 

Now use the integral representations 
/"M - (1 - x)" 
/o a; 



(10 + 16n) + (3 + 4n)i7„ + (12 + l6n)H2n+i 



Hr, 



-dx. 



(l)r 



(2^ + l)(l)„ -/o 



4"a;"(l - x)"dx, 



and take the limit as z — )■ — 1. 
Identity 3. 

1 °^ (_Un (I) (I) (3) 

E ,J.)^^^""^(;)r^^^""^ [20(n + X) + 3] 



□ 



8 22("+^) 

n=0 



n+x 



1 cos2vrx 1 (i). (i). (!). 32x^ ^{1 + 2x)^ (| + a:)„ (-l)"(2n + 1 + 

n=0 



X] 



vr cosTTx 4^ (1)^ 
From (127|) . we obtain the expansion 

(""1)" (2)n+a; (4)n+a: (i) 



If- H 

8 92{n 



22{n+x) 



„,=0 " y-Jn+x 

Proof. We consider the WZ-pair 



[20{n + x) + 3] = - - Inx^ + 32Gx^ + 0{x^) 
n 2 



(27) 



(28) 



F{n,k) = B{n,k) 
G{n,k) = B{n,k) 



{2n-2k-l){2k + iy' 

{2n + l)2(20n + 3) - k{M^ + 32nA; + 8P + 12A; - 2) 
8(2n+ 1)2 ' 



where 



_ (2 (2 + (4 + 2)n (4 + 2)n ^ . xfc/ xn ^ 
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Apply Thm. 12.21 with the condition (|T9|) to the WZ-pair. We see that the function 

s{x) = si{x) + S2{x), where 

1 i2)n+x i4)n+x (i) 

and 



= 8 E V. ; 3"^-^^^"^- [20(n + X) + 3], 



. . _ 1 32x3 - (i + 2x)„ (i + x)^ (-l)"(2n + 1 + x) 



has the property s(x + 1) = — s(x). Then we guess that s(x) is equal to 

, , 1 cos 27rx 
Hx) = . 

TT COSTTX 

To verify this observation, we define the function 

six) — t(x) 



h{x) 

COSTTX 

and observe that h{0) = and h{x+l) = h{x). We use fl26|l . and the evaluation at x = 1/2 
from the first series in (127|) (see |12t Sect. 2.4]), to take the limit of h{x) as x — )■ 1/2. The 
limit is finite, and this implies that h{x) has no poles in the band < Re(x) < 1. We 
conclude that it is holomorphic. When |Im(x)| — )■ oo we have |si(x)| — )■ 0. On the other 
hand, numerical calculations clearly indicate that for |Im(x)| sufficiently large, we have 
|s2(a;)| = (9(e''l^™^^^'). Hence, we deduce that \h(x)\ = 0{l). We complete the proof as 
usual. □ 

We need the following lemma to prove identity 4 : 

Lemma 3.4. As x ^ 1/2, we have the expansion 

E 7^^^(-l)"(2n + l-x) = ^^(2x - 1) + 0(2x - 1)1 (29) 

Proof. First write the formula [HI Cor. 2.4] in the form 

^i:(-l)"%^(l + 2. + 4„)^^2^. (30) 

^ n=0 ^^>^ ^ 

and then subtracting the formula [T3l, Sect. 2.2] 

5 E(-ir - + - gl - p) ^ (31) 

n— \2 / X 

and then expand everything in powers of to see that 

f:(-l)"-||[-2 + 3(4n + l)H^] = -i^. (32) 

n=0 ^ 

When X — )■ 1/2 we obtain the expansion 

y (_l)-_l^ZiL^(2n + 1 - x) = - y (-l)«A2Ai(4n + 1) 

+ {\ E(-l)"fyF[-2 + 3(4n + l)H^]\ (2x - 1) + 0(2x - if. 
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Finally use ([3l]) and ([32]) when x = 0. □ 
Identity 4. 

■n3 



^E(-ir7f!f^[4(^+^) + i] 



n=0 y-Jn+x 

'1\3 oS °° 



TTCOS^TrX (1)3 (1-2X)3^ ) ^ > K > 



(34) 



From fl33jl . we obtain the expansion 

oo 1 ^ 3 

1 ^(-l)«-^[4(n + x) + 1] = ^ - Ivrx^ + SGx^ + (9(x^). 

n=0 ^ /n+x 

Proof. Consider the following WZ-pair: 

^ ' ^ (1)3 ^ ^ (2n-2A;-l)3 ' 

G{n, k) = ^l~3^M -l)'(-ir(4n - 2A; + 1). 

(l)n 

Observe that the condition (|T9|) in this case is equivalent to saying that 

r~ r 

/ G{t, s)ds = 8t^)^^ / 3 (-2g + 4t - l)r(s + l)T{-s)ds = 0, 

ic (l)i (i - t)^ 

holds. The formula holds because the only pole inside C is at s = and its residue is zero. 
Then, applying Thm. 12.21 to the WZ-pair, we see that the function s{x) = si{x) + S2{x), 
where 

^i(^) = ^E(-ir-7Tlf^[4(^+^) + i]' 



n=0 



and 



fir 8r3 ^ (ir 



m (l-2x)3^ (!_,); 

has the property s{x + l) = —s{x). Then we guess that s{x) is equal to the simple function 

, , 1 cos27rx 
t{x) = 

Vr COS'^ TTX 

To prove it, define the function 

h{x) = cos7rx(s(x) — t(x)). 

We know that h{0) = and that h{x + 1) = h{x). We use (129|) to calculate /i(x) when 
X — )■ 1/2, and we see that it is finite. Hence h{x) has no poles in the band < Re(x) < 1 
and, because h{x) has period 1, the function is holomorphic. We easily deduce that |s2(x)| 
tends to as |Im(a;)| — )■ oo. By numerical calculations (we do not have a rigorous proof) 
|si(a;)| — )• when |Im(x)| — )• oo. Hence \h{x)\ = C(e'^l^™'^^^l), and in the usual way, we 
deduce that h{x) = for all complex x. □ 
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4. Identities related to Ramanujan-like series for I/tt^ 

In this section we give incomplete proofs of some new identities related to Ramanujan- 
like series for l/vr^. These identities imply expansions in powers of x which agree with 
the general kind of expansion conjectured in [2] up to order x^. See [I] to understand 
the relation of these expansions with the theory of Calabi-Yau differential equations. In 
addition, the hypergeometric identities we are going to prove, allows us to obtain the 
coefficient of x^ . 

4.1. A new WZ-pair and a new identity. In Sect. 3] we proved two hypergeo- 
metric identities related to the series 

^ (C(a„(f)„ (i2o„.^34„^3)_L,g. 



Here we prove another one which is stronger than those in [12], in the sense of Section 
dJ The proof begins with the observation that Zeilberger's Maple package EKHAD 
Appendix] certifies that the function 

F{n,k) = B{n,k)- ^ ' 



[l + 2k-2nY' 
where 



B{n,k) 



has a companion G{n, k) such that (F, G) is a WZ-pair. Applying Thm. 12. ![ we obtain 
the identity 



k E [120(n + xf + 34(n + .) + 3] 

n=0 ^ /n+x 

^ 1 8cos^7rx-12cos^7rx + 5 _ 1 (1)^ Q), (|), 256x^ + . 

2 C0S4 TTX - C0S2 TTX 16^ (l)^ {I - 2xY (1 - x)^ 

n— V 2 ) n 

= ^-x^ + ^vrV - 224C(3)x5 + 0{x^). (35) 

TT^ 3 

4.2. Other new identities. In [15] used the WZ-method to prove the following series 
for I/tt^: 

n=0 ^ ^ ^ 

A different WZ-proof gives 



n=0 



(1)^(1 (1 



n(74n2 + 27n + 3) + A;(108n2 + 42nA; + 24n + 5A; + 1) _ 48 

n -I- I vr^ 



Since -F(n, A;) = -B(n, A;) ■ 384n^/ (3n + A;), we observe that the power of n is not 5 and the 
hypergeometric identity which we can derive using Th. 12.11 is not suitable to easily get 
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an expansion up to order 5. However we have also found the following new WZ-pair: 



F{n,k) = B{n,k)- 



(2n-2A;- 1)3' 
and 

G{n, k) = B{n, k) lAn" + 27n + 3 + 48fc' - 24^;'^^^ 

where 

Bin, k) = ^ Jn ^iJn \3Jn / 

(i)^(i): 

By the WZ-method we can prove that the sum of the series 



oo 



(|-^)' (5 + ^)' (^) (I) /3\'Y 2 4 3n + l .5n + l 



74n^ + 27n + 3 + 48A;^- - 24A;' 



^ (l)^(i): V (2n + l)^ 2n + l 

is equal to (cos^ 7rA;)/7r^. Even more interestingly, applying Th. 12.11 we obtain the hyper- 
geometric identity 

. 00 . X 3(n+x) n\ n\ 

^ E ( i j "^^ ; 5"""^ ^ [74(n + xf + 27(n + a:) + 3] 

_ 1 8cos^7rx-8cos^vra: + 3 , /3 V^i): Q) Jf), 128a:^ + 



+ 



7r2 4cos4 7ra; - cos^TTX ' \^ ) (1)^ 3(2x - 1)^ ^ (3 _ 

n— \ 2 / n 



A-^x2 + |vrV-H^C(3)x^ + 0(x^). (36) 
TT^ 3 3 3 



Finally, we explain how we guessed the function 



18 COS^ TTS — 8 cos^ TTo; + 3 , , 

tix) = — . (37) 

TC' 4 COS"* Tlx — COS^ Tlx 



First, define the function 

3{n+x) n\3 (1\ (2\ 
I \2/n+x \3/n+x \3/n+xi 



^(^) = E U n 5"""^ ^ ^^^ [^^(^ + + 27(n + x) + 3] 

n=0 ^ ^ ^ J n+x 



(1)^ 3(2.-l)3A.(|_^)3 



4 

If we look carefully at the poles of this function, it is possible to guess that the denominator 
of t{x) is equal to cos^ '7rx(4 cos^ vrx — 1). Thus consider 

y{x) = Tx'^h{x) (4 cos^ vrx — cos^ vrx) 

and suppose that y{x) is of the form 

y{x) = ai + 0:2 cos^ vrx + 03 cos^ ttx. 

Making the substitution x = vr"^ arccosg and evaluating y{x) at several rational values of 
q, gives a simple linear system of equations involving only rational numbers, from which 
we can determine ai, 0^2, 0:3. 
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